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fhe starter code contains an implementation of linear regression for the MNIST dataset to
elassify 10 digits. Let x; be the feature vector and y, be  one-hot vector encoding of s class,
s is in class j and y,, = 0if not. In order 10 use linear

we will use the one-vs-all sraegy here. In
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3 s class ()%
fun it with bateh size equal to 50, 100, and 200, Attach the
" plot. Report the running time for all the batch sizes.
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Solution:

Figure 1: Epoch vs Accuracy
Figure [shows the plot, The running time for S0 epoches on my laptop is 515, 285, and 2:
respectively. The larger the batch size, th less time it takes to finish a constant

for larger batch size, there i less overhead due (0 the vectorization,
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(e) Suppose you have a multi-variate regression problem, i.e. the feature matrix is X € R™*” and
the regression target is Y € R"*? and ¢ > 1. We know a prior that the number of regression
targets is large and there are strong correlations between the multiple regression targets. For
example, consider you have n = 100 samples. Each example has p = 500 features, and there
are ¢ = 1000000 regression targets.

There are two approaches you can solve the problem. The first approach is treat the multi-
variate ion problem as ¢ independent ridge ion problems. The second one is that
first compute the CCA between X and Y, which gives two projection matrices Uy, and Vi,
then use ¢ independent ridge regressions to fit Y. = YV, from X, = XUy, i.e. solve for W
that satisfy X.W ~ Y. The final predictor is given by: Ycaic = X(UyWV!'). What's
the pros and cons of each approach?

ion is

The ridge regr that each of the fitting target is independent. On

the other hand, the CCA approach has taken into account of the potential correlation among
the fitting targets. Having taken advantage of the target correlation, CCA might have higher
statistical efficiency than the set of independent ridge regressions. For example, the ridge
regression use 7 = 100 examples to fit each target, with p = 500 dimensional features. It will
results in severe overfitting in general. However, if we assume that the regression targets have
large correlation with each other, conceptually we are using ng = 108 examples to fit each
target, with the same number of features. Obviously CCA in this case will be much better than
the first approach.
The independent ridge regression assumes identity Gaussian noise on each of the fitting target.
On the other hand, the noise model for the CCA approach depends on the data, influenced via
the computed matrices Uy, and V.. It is conceptually much harder to make sense of this noise
model and usually people use a noise model that does not depend on the data.

Recall that in order to find the
first canonical directions, we look for vectors u € R? and v € R? such that p(u" X, v'Y) is
maximized.

Recall that u* is that
“direction” of X that contributes most to predicting Y. What is the relationship between u*
and the function f(X) computed in part (a)?

notice now that (ge; — )" 37" (pay — p,) is a scalar 3. We also have u* oc B (p; — py) =
= (kg — o) — ﬁzil(ﬂl = 1y)B.

In other words, we have u* = yX~!(p, — p,) for the component of X that has the highest
predictive value for Y.

(c) Finally, we will project our data into the Canonical Variates. In order to perform CCA, we
| must first turn our labels y into a one-hot encoding vector § € {0, 1}’, where each element
corresponds to the label. Note .J is the number of class labels, which is ./ = 3 for this part.

S ont |
xSy

Contite
CCA

| Next we need to compute the canonical correlation matrix Yy and compute the
1 1 1

singular value decomposition UAV? = £ (3 Xyy Sy ¢
‘We can then project to the canonical variates by using the first & columns in U, or Uy. The
projection can be written as follows:

In this part, we look at the Receiver Operating Characteristic (ROC), another approach to un-

aclassifier’s Inatwo class i problem, we can compare
the prediction to the labels. Specifically, we count the number of True Positives (TP), False
Positives (FP), False Negatives (FN) and True Negatives (TN). The true positive rate (TPR)
measures how many positive examples out of all positive examples have been detected, con-
cretely, TPR = TP/(TP+EN). The false positive rate (FPR) on the other hand, measures the
proportion of negative examples that are mistakenly classified as positive, concretely, FPR =

o SUM it e e g ¢
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Solution: We can kernelize the SVM in the same way as in the normal SVM (e.g., note that in
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Derive a generalization bound (32) for soft margin SVMs.

corresponds to the largest possible size of the test or training points.

Solution: With (@#T) and the result of part (e) above the result follows immediately.

Since the soft-margin SVM learning rule is essentially ridge-regularized (with the constant
C'in the traditional formulation just being } by multiplying through), this means that we
fall cx'lclly into the scenario of part (e) above. This means that soft-margin SVMs mhenl
the O( A") generalization performance from ridge-regularization more generally. Here, the p*



D vy iahitively smfe agprowh o chsification i ot o daify erch poiat sording to its neghbars. Pany bives e emb Spe sobdons, Thiy & 2o 3 form o requlyiinabion .
it ql-‘.,kvinin
Cumasegs 8 loorely defind (e a0 wmv yp i of gwn pessore)) {n,\t \rlm;\ tim E‘(«j ) Spe min o oplly sk Bl <K why sprity? { = Sped op ¥ ¥ b R&‘:‘,\:’:‘.;.)

b by pwpanter ot dhaeq b deison bowdy 5 Wt . w o ot e ok Lext Squars ™ s e donsht R

k s o aron ) . Honming e \ihutn re /" "

i % (with K e Problams | llo s 0 Gmec. Solaing 36 NPtk e il aprosnd Lasto

Trinny oy i dhys tovk (with K1) ™ o -

PP A O acerfls) o

£ e b deat b3 i W el wiion o Spre Lot Sy

% Now ey poblen i1 umes, W oy dug it work?
whre N (63K

Biss  Vaionie  Amlysis

13 .
et b:{(x;,y;]i?:‘ be o dbut o hypeleis  hey= i;m""'k)

! sk
min Xyl bl “"M‘M Tutskien

[.\ M

i ke ¥ 8
Allo o boe Wy e Y=+ (bosicly v anbing KND bo o rqpution y.hlem) e to o iy o et o c\%\u A

(o, #)

we b b \y lemingit B8 C
) for A % 7 ot valil cqlibiom
Wioe, 1wt b b ond K x kea Eh0] gt sy b b X min M-y I+ Mivll berm €T % Yo o vl
t

3 N 7 - sord Tt
N « < (4 2 - i) L R G (O ik L .umic gty o
S ym) = (L TE- !(l)) = ( [ Why Cb indeod of $6D2 T inbend L. bty
(et ) - (5 yrme b Find, Oyl Sl ' aw A

i

¥ o
e &) = 4 Vo (Fe) ¢ 2 e iy il 6 Ko T losd soltion vith i dlgbey deefo Jul, et ey A
Moo wrine = Var (b)) = Vv(*—r) ( B v (i ) e ¥ i wivig i T I ! o5 aeme)

Hovever, dhyutie i chill amex, 50 v o0 w2 gdial desuat oppenin

if Ti ot

2 ters, TV AR

oty w3 Y
Tahing, 3 uat gl 1

Wasso: TS

= 2
Progerties: fwily= 2

b approsimtion et Lok Lyt timg, | Crovdinde Desat,
3 i
+ Compitiond  Camplealty = 0(r) tainny,

Tate Gl of LASO, oo oy fn s quitly wner in ol Gmpunenls
desgent  with the ke o

O(n) b fu i bty Ty Qx) for predidion, bk ackive  reiemdn in
Gegnatric  Tnhuition
o w, fo e Gn Ml vordmle -
© Floibilty < Gn be modiid b0 okt pabobilies  P(YIX) by fioy Hen or poportion of Tabels amg B oo (g, Hor) finkiog > o) rnimem,

SCon ham wry ompliokd neneline bandsiiey By iy Coot Y ve oiin b vpdle:

(O b oplid beth b diode bl (mpety v /ph) - cortinay (aunge i) B
-
s vt Wnied o0 boiny (-"4)_.. S orawy Wi B T R
o Do K5 o (s e Hoprambes g [ T N A
: Lew)= K- yllF + Nisly ={[Zs ~F 1
(3wt L e LA 0 ) = k-l T e s [
Qmines L) b Opimites L) for

‘
Iy + Wl e vk ez vy while ndt Gmergd: e g et fotue

P ot e
wdte we b g L(W) Tdo: Jot cphle ov compount 3

p \uolating  siailorby weally  inuohies
. iour i igh dinensiong ¢ D do wel in N dimaion, o caluiting ]
v i W oo e o * ok for cxmle tole O Foe)
O R A S Supor > 0

; il wil bl b ke rthur o ot v, ebading Tl = N3 gy (wixgtry) =0 3 wit= C o g s e
M ay 4 incawy, He dtapil » .
e, 4 3 . "
L A s Ny gt fo i B gl w10 0 e o darart-vi)
« .
for NN iy o bkl Yy 287 whe €70 YN w1
e expedd emov ;
. impratie toaetial  quwarten ~ when A ® . N ) e
+ Theorekicl Cropertiess  1-NN has  impresive e 9 . : fon= W oo ,
e Bapes aghind Thy oy bl sty gosite §lon) et Ry
e e
e - . TE ngtive o O, thue i to oimm in (o, ®) Wy o gt bl b el Sg) b oty ome
I opoe o Boo e Ee ) e bk Joag) vk iy vt
£ "7 " N min §(5y) = e w0 $6) b e BT (hrom b20)
. e o * net quoraedl b b
g 1
e l%l (nnl, when \;b‘ Al ) o) minimem
o Wl oitr) in  thell
Volome of o Bl o dma el o) B v ok B ien o wbindy e Tp putic o O, e i no opimem in (%0 Mobhor ton celoig |l Gl AP Pinds on appretimis
TF withe, bha e % ofimm in  (-w,0) U (s, +e). sdltion ko the  Spee Lot Squre in > Greely  frbion.
P
Hootuer wo R Vb the mab £0tf o optimm 5 wPo Shrke w3 Gompely  gpese solbion W0 o kel vpdutes w ohbl
Q. Contefydion  of Mesone (il waves) R oty Contrint flwlly < K con no lngpr  be meb AV kS opdie
intrew w i
o it hlsd zzkw(;:}; e o AN ordioe Gt wald redsce e roidah He mab
= ke o b
wh _;:. it T’vo ommen. W we0 W M\"ty—Xw“:y
o Mo
B * while [l < ¥
g 7) s b whin B oyt of BN pgedd bl sy %, 5 minie)
NE s gl St Upde (€ied il fid petne o
, is argin (min e - gl ) = orqen [¢xr, i)l
Ave iy om0, waigh o be “rodtvid” 0 subsguent s 3 lixglh ™ o sqoe |
itention Need ko centor HE to ws m.,s.,] b i e ot
b podie A feng ginibely vphte W : :.‘. x: o o e vk
t a X
whe ™ -
L M b i,
ki " qovel
2 Redwe Gty ot heew Sore fisely --:) Exbengion o Mty gk o cadn iton Vg minhin ol T
.+ Redue 4
k,:«, VI fery ( [lowey the rslution W T8 o Al fetva wludd by e Agerithn 1o for. Py Xt
Tndead of Vg ot comporent of We weigh vebw 3 time, we
3. Modify M dibmce function: pive il veh ooy f e Fobe i T wng o Sy do b k]
: i [ ; i s Rinding  dittce
i i, o mi R ion prolon fin
D, (x2) (;Il :l::-“m o ety Coniler i It vxsll s a peopetion proplens Finding
e w's .
" Tatolie  febws  I'= ¢ of e spn ot ¥y from ¢
L Use Kernds Yo Gnpie dianay in higer dim spce x .
) while hll, S .
Wi O wepten B R P GaVE. YN e o - €5 “
Cxy, %5 [N

sy (minl 1**-‘4»,\”:;'3.(.‘ \<"“"‘,,>:7| x
The wter optimidation  minimives He ditonce: hoe Sombhiny

W e b o THaTTUWE weird ke
i in || ¢+ - () “
A v s e wqein || v Ny
Betimte W bet lwor fib ,‘oubk winy We corrant fedures 3 “ o
W s rgin [ Kw-yl P
weht I ¥ _rtry 2
jdod veboe s Xut -y =3rymin | (i < ”7 ||"11| L3 WXy
vpdte d e
ey
=arquin —
e O v dott rpi v o Nt quaranteey Y ‘w i dw) \x“ =
Wl b othaged bt e o omenial i e, T
aad Wuche & b otimd B Ny T,
OMP emoms  optimity o Mo 3ot fotwey I' ot eadn diep e R

° )

L0
gt to B
R e G S S )
o i eI

A& el itoion Hh squmed lemth of M il montoniclly decreares

In this question, we will analyze the variance of learning sparse linear models. In particular.

biggest entries or just keeping entries bigger than a threshold) that perform feature selection in
linear models, and show that

However, note that there is a subtle difference between feature selection before training and after
training. If we use fewer features to begin with, our results so far imply that we will have low
variance because of smaller model complexity. What we learn from working through this problem
is that
if done properly. In other words, although there is a philosophical difference between doing fea-
ture selection before or after using the data, post training feature selection still leads to variance
reduction under certain assumptions.

As you have learned in lecture and discussion

Matching Pursuit (MP) is a simpler variant where the entire fit is not
updated at every step, just the fit along the new coordinate that was chosen.
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OMP s also related to the classical idea of Boosting. As you have already seen (or may see in
the next few lectures) boosting is a powerful recipe of training a set of weak learners (that do
not it the data very well by themselves) and combining them to find a strong learner (that fits
the data well). The general idea is as follows: In the first step, we use one weak leamer to fit a
given dataset. In the next step, we use another weak learner to improve upon the first learner,
by putting more weights on the data points that the first learner was unable to it well (wrong
classification or large squared error in regression). We repeat this process until a desirable
aceuracy is achieved.

Can you see OMP as an illustration of boosting for regression”

Solution: Note that since we fit residuals, it is equivalent to improving upon the past weak
learners. Also we only pick one learer at a time (hence we can consider our leamers to be
weak). However, the estimation update step, refits using all the features discovered so far, and
hence strictly speaking the weak learner at nex step is one new feature plus all the features
identified so far

In matching pursuit, we just have the index update step and hence the weak leamer at each step
is just a new feature.

(©) (BONUS) MP as gradient boosting The two previous greedyprinciples of matching: |\|w\un
(colum selection and linesearch) can be extended to more gencra and
non-parametric function classes 7 and general loss functions £ (which need not be «qu.ﬂml
los). Consider the gencrl Ieaming problem whers again e re given o bunch o pairwise
training samples in the form of (x;, .} for i withx; € R and y, € Y C R and we
want o lear a function / : R* — J from a function space F (with possibly non-lincar and

ch as trees then use 10 predict g, by /(X,cx)

forarest S:lmplc Xt
For this purpose we minimize the following (average) loss £ : B" — R

12 )

for some point-wise loss function £ : 3 x J + R for one .umple Norice that the loss maps
avector to a scalar, s in the linear settings. Here, we use £({x}1_,) = (f(xa). ... f(x.)) 1o
denoe the vector of function values of f &  at the points x,.. .. X,

LIExNL)) = L (). fx0) =

As in gradient descent (@), we want to minimize the loss using an iterative algorithm with
updates of the form ~

=fraf
Note that our notation follows the convention that /' € J is the current iterate and /' € W
i the direction that we are adding at cach step. The main question is how o choose /*. Let’s
assume that it s for example computationally much simpler to search over a smaller set of
functions W C  at each timestep.
Similar to the parametric update in (), we then choose the function & W for which the

function value vector F({x}:.,) has the maximal inner product with the negative gradient, ..

' = argmax(-9 L8 ({x30). F(Gy ) ©
e
HWI3, 0UCCS 139, Sping 201 s s
Fit Page
where the gradient V.£(£*({x}1-1)). FUXHL1) = VoLV gy , which you have already

computed above for the square loss.

Now we want (0 see how Matching Pursuit can be viewed as an instance of this framework, also
lled . show that the parti

choices of

Fe (/0= wx:w R and W= {(x) =

where e, s the i-th standard basis element with a 1 in the i-th position and zeros else-
‘where, yield Matching Pursuit as a form of gradient boosting. Notice that i the function
space of all linear functions and W s the set of functions on vectors x & R which pick out
signed coordinates of x.

tefxri=1....d}

Hint: For matching pursuit, what are f*({x}2_,) and f'({x}7_,)?
Solution:

We offer two ways (o derive this equivalence.

1. Going from MP to .3 Notice that X can be viewed as a vecior of function values
with f(x) = w'x evaluated at x; for i = 1,....n. Similarly, one column vector of the
matrix X can be written as Xe, and thus yields functions of the form 7(x) = o]

the definitions of 7, V' above reflec the effective functions (and hence function spaces) we
are fiting and updating in the matching pursuit method when viewed as a gradient boosting
method.

. Therefore,

2. Going from 7, W to MP_ With the given definition of 7. we obtain

F{xNL,) = {v = Xw:we R}
(Y dX)ui s we R}
N X which matche ()i
withtheweights u, corrsponding to 7% where i the time when index i was sclected.

With the definition of W, we obtain

. Wi\ el oozt
If you normalize the columns of X (i.e. scale the features) so that ||x||2 = 1 for each column

forany

» x(, what is the equivalent Tikhonov regularization matrix if you use dropout? Explain

.« Why (or in what context) dropout’s induced implicit Tikhonov regularization might be
e better than the identity matrix that vanilla ridge regression uses when we are working

with unnormalized columns of X.

Solution: If we normalize the columns of X, I" = I will be the identity matrix, which means
that linear regression with dropout is equivalent to ridge regression. When the features in X
are not normalized, the corresponding term in the Tikhonov regularization matrix will be larger
if the scale of the corresponding feature is bigger.

When we do not have any reason to put a lot of importance on the units used to represent
the individual features, this is probably what we want because it will match the magnitude of

x@Ww; and T;w

;. In other word, it will act like doing ridge regression as though each feature

was normalized even if we do not explicitly normalize them. This explains the attractiveness of
dropout in algorithmic scenarios like within neural nets where normalization of features might

not be natural.

To see the fact that dropout is a way of doing regularization, prove that

1- -
argmin ¢(w) = argmin [ly — Xw]|3 + J”FWH%,
w w p

where I’
the feature vectors along the diagonal.

13)

= diag(X'X)/?> —i.e. T is a diagonal matrix with just the Euclidean norms of
This is saying that applying dropout on the linear

regression problem is equivalent to doing the ridge regression with a special diagonal Tikhonov
regularization matrix. For the effect of dropout on more complex models such as logistic
regression or convolution neural networks, it is hard to obtain a closed-form solution. But the
idea dropout is equivalent to some kind of regularization still applies.



